In this paper we discuss the sound absorption property of arrays of microacoustic actuators at a control surface. We use the wave equation over the half plane for the velocity potential with a boundary dissipation by a proportional pressure feedback law along the half plane boundary. The feedback gain over the array is described by a distributed shape function. We develop a computational method based on the Fourier transform and employ it for analyzing and evaluating the decay rate of acoustic energy. Specifically, we carry out computations for a diffusive random initial field and report on our resulting numerical findings.
INTRODUCTION
T HE rise and decay of acoustic energy in a room of a given size is primarily governed by the area and absorption coefficient of the surfaces of the room and objects within [7, 10, 14] . The absorption coefficient of a material with normalized input impedance ¼ þ i is given by (see [6] )
The sound absorbing characteristics of passive materials are excellent when the wavelength of sound is less than the material thickness, because the input impedance is largely resistive. However, as the wavelength of sound increases, the reactive part, , of the impedance increases, and the performance of sound absorbing materials decreases drastically [6] . The apparent solution of increasing the area and thickness of absorption treatments is often limited by practical considerations including cost. Active sound absorbers provide an alternative technique for achieving sound absorption at long wavelengths where the micro geometry (height and width of surface variations) of the absorber is of the order of the wavelength of sound [5, 8, 11] . Typical active sound absorbers are coupled discrete devices or systems, for example, a system composed of a microphone, speaker, and appropriate control law. The most significant limitation of active sound absorbers is their limited surface area, and again practical consideration limit their use.
Recently, the concept of using arrays of small acoustic sources, which could be constructed of fluidic devices [1] or piezoelectric materials, for sound absorption has been of interest. In such an array, each element would be locally reacting by feeding back a pressure measurement via an appropriate compensator to the elemental acoustic source. The dimensionality of an array of practical size, however, limits the analysis of the array's characteristics, including absorption, using techniques used in previous active sound absorber analyses.
In this investigation we develop a computational technique for analyzing the absorption rate of acoustic arrays. Specifically, we consider the absorption rate of an ideal reverberant random sound field as defined in ''Initial Field''. These results constitute a first step in the development of a computational methodology for design, analysis, and implementation of smart or adaptive acoustic arrays to be used in noise control in structural systems.
We begin with a brief description of the physical system under consideration, and consider a typical rate feedback law along the boundary where the elemental acoustic source's volume velocity is proportional to the measured pressure at that element. This corresponds to a purely resistive input impedance. We then formulate the acoustic wave equation with the absorption boundary coefficient in the frequency domain. In ''Initial Field'' we describe the initial sound field. In ''Frequency Domain Equations'' and ''Approximate Model'' we formulate the system in the frequency domain and obtain a discrete model approximation. Based on this discrete model, in ''Instantaneous Correlation Field'' and ''Instantaneous Total Energy'' we show how to calculate the instantaneous correlation field and energy decay. Finally, we report on a numerical experiment and analyze the results.
PHYSICAL PROBLEM EQUATIONS
In this section we present the physical system under consideration. The sound pressure p satisfies the acoustic wave equation
and Euler's equation
where c is the speed of sound in air and is the mass density of air. The operator r is the gradient, v ¼ (u, v, w) is the particle velocity vector of air, denotes time, and v ¼ @v=@; see [4] and [13] .
Consider an infinite air space bounded by an infinite rigid wall located at x ¼ 0 covered by an acoustic array symmetric about the origin. We assume that the acoustic array is long enough in the z-direction that the system is independent of z and becomes two dimensional, as depicted in Figure 1 . Accordingly, our working spaces is ¼ fðx, yÞ: x ! 0, y 2 <g:
The interaction of a wave with the boundary is described by the boundary condition vð0, y, Þ Á i ¼ uð0, y, Þ ¼ ÀgðyÞpð0, y, Þ,
This boundary condition follows from the definition of the normal input admittance, the ratio of the particle velocity normal to the wall to the pressure [6] , where g is the interaction admittance. Note for the case of a rigid boundary, g 0, while for a pressure release boundary we have g ! 1:
Let be the velocity potential, v ¼ r: Then from (3) we have p ¼ À and one can readily argue that satisfies
x ð0, y, Þ ¼ gð yÞ ð0, y, Þ,
We normalize time by the sound speed, letting t ¼ c, and we define ( y) ¼ c g( y), then (5) and (6) take the form
The admittance magnitude in a given direction is a function of the wave propagation angle. Let x and k denote the position vector (x, y) and the wavenumber vector (k, l ), respectively. Then for a plane wave, ðx, tÞ ¼ o e ið!tÀkÁxÞ , the normalized wave admittance in the x-direction is
since w ¼ |k|. We note that 0 || 1 with ||¼ 0 corresponding to a plane wave traveling only in the y-direction and ||¼ 1 corresponding to a plane wave traveling only in the x-direction. In order to absorb sound at the boundary we might choose the normal input admittance to match the normal wave admittance . However, in general, the knowledge of the angle of incidence of the incoming wave is not available. Moreover, for some fields the angle of incidence is arbitrary. For this reason, in our model we test the absorption characteristics for a given by the absorption rate of an ideal reverberant sound field where the angle of incidence is uniformly distributed among all directions.
INITIAL FIELD
The sound field in a reverberation room is assumed to have the property that it is random and at every point within the field, all directions of the incoming sound wave are uniformly distributed [3, 9, 12] . The reverberation room has become an important tool in applied acoustics. For example, it is useful in measuring the sound absorption coefficients of surface materials and the sound transmission loss of building structures. Thus in our investigation we assume the initial sound field to be random and the spatial autocorrelation to be independent of the position and of the phase and a function of the distance only. That is, the initial random field ðx, 0Þ satisfies
Let ðk, 0Þ be the Fourier transform of ðx, 0Þ,
Then, the frequency autocorrelation for ðk, 0Þ, as defined and explained in [4] , is given by
where is the Dirac delta function.
In this paper we develop approximate methods to evaluate the frequency autocorrelation for the sound field, E ðk, tÞ ðk 0 , tÞ h i , for the pressure field, E t ðk, tÞ t ðk 0 , tÞ h i , and for the velocity field, E r ðk, tÞ r ðk 0 , tÞ h i , which, as, explained in ''Instantaneous Correlation Field'' and ''Instantaneous Total Energy'' below, lead directly to approximate methods for the total energy decay of the sound field for t > 0.
FREQUENCY DOMAIN EQUATIONS
In this section we reformulate Equations (7) and (8) in the frequency domain. Since the spatial domain is the half plane x > 0, then without loss of generality we use the Fourier cosine transform with respect to x and full Fourier transform with respect to y. Let be the Fourier cosine-full transform of , ðx, tÞ ¼ ðk, l, tÞ ¼
Then the inverse transform is given bŷ
We can derive an equation for ðk, l, tÞ as follows. We multiply (7) by cosðkxÞe Àily , and apply Green's Formula and (8) to obtain
ð yÞ t ð0, y, tÞe Àily dy:
Then, by applying the formulas (11) and (12) we can write (13) aŝ
where
ð yÞe ÀiðlÀÞy dy:
Since the acoustic array is assumed to be symmetric, ( y) is an even function and thuŝ
ð yÞ½cosðlyÞ cosðyÞ þ sinðlyÞ sinðyÞ dy:
ð15Þ
If we further assume that the initial field is an even function of y, then the map y ! ðÁ, y, ÁÞ is even, and we only need to work with the nonnegative values of l. Moreover, the integrand (y) sin(ly) sin(y) in (15) is an odd function of and thus does not contribute to the integral term of (14) since ! t ð, , tÞ is even. As a result, Equation (14) reduces tô tt ðk, l, tÞ ¼ Àðk 2 þ l 2 Þ ðk, l, tÞ
ðyÞ cosðlyÞ cosðyÞ dy: ð17Þ
We note that this yields an integro partial differential equation for for which approximation techniques must be developed. In the next section we present a semi-discrete finite element approximation based on piecewise constant elements (zero-order splines).
APPROXIMATE MODEL
In this section we introduce a finite dimensional approximation of Equation (16). We consider the truncated finite domain fðk, lÞ: 0 k K, 0 l Lg: ð18Þ
We apply the (piecewise constant in frequency) approximation 
Note that we should use the superscript MN with the variables in (20) since they depend on the discretization in (k, l). However, for notational convenience, we will hereafter suppress this superscript whenever no confusion will result.
To write this system is the matrix form we introduce the < MN vector È ¼½È 11 , È 21 , . . . , È M1 , È 12 , È 22 , . . . , È M2 , . . . ,
and the damping matrix
We define the M Â M matrix 
As usual, we can write (24) as a first-order system. To that end, define the state vector
Then (24) takes the form
where A is the (2MN) Â (2MN) matrix defined by
and I is the (MN) Â (MN) identity matrix. It is this approximate system that we use in our calculations reported on below.
INSTANTANEOUS CORRELATION FIELD
According to the discretization described in ''Approximate Model'' it follows from (10) that a natural condition to require on the approximating random Fourier components {Z i (0)} is
Define the corresponding approximate correlation matrix
Then (26) implies that C(0) is diagonal. Thus, we can write
where e ðÞ is the unit vector in < 2MN and W ¼ (w ) is the vector of the initial field discrete power spectral densities.
From (25) and (27) we find that C(t) satisfies the matrix Lyapunov differential equation system
Note that C is a 2MN Â 2MN matrix and thus we have a system of size (2MN) 2 .
The system (29) is a large coupled system to be solved in its entirety. However, the solution of (29) is given by
where the vector F () (t) for each satisfies _ F F ðÞ ðtÞ ¼ AF ðÞ ðtÞ, F ðÞ ð0Þ ¼ e ðÞ :
This can be shown as follows:
The superposition formula (30) is especially efficient when we consider fields with compact support Fourier components.
INSTANTANEOUS TOTAL ENERGY
We define the total energy of system (24) by
where the ''kinetic'' energy and ''potential'' energy are given, respectively, by We remark that E MN V is an approximate measure of the kinetic energy density associated with the velocity field while the term E MN P is an approximate measure of the potential energy density due to the pressure. Now, by multiplying (24) by _ È È we can show that
We thus see from (33) that the system is dissipative for positive .
To describe the relation between the total energy E and the correlation matrix C, we define the matrix
Then from (27) we have 
and thus
E½EðtÞ ¼
Our goal is to quantify the decay mechanism of the total energy as t ! 1: By integrating (31) numerically we can evaluate F () (t) and determine the decay rate of each mode. Moreover, we can form the correlation matrix C and determine the decay rate of a field composed of a group of modes.
NUMERICAL IMPLEMENTATION AND RESULTS
In this section we demonstrate how the above approximations and resulting computational model can be used to investigate the energy decay rate of a given bandwidth of velocity pseudo-modes defined by (31).
Consider the periodic acoustic array of length 2L a in the y-direction and symmetric about the origin as depicted in Figure 2 . The array consists of elements each of width w. Because of symmetry, we only need to consider the upper half of the array. The number of elements in the half array is given by
For n ¼ 1, . . . ,N e each nth element occupies the interval I n ¼ ½ðn À 1Þw, nw:
In each element we take the function (y) to be a symmetric triangle curve of height h as shown in Figure 2 For our example calculations we use L a ¼ 4 m and element width w ¼ 0.01 m. For the height, h, we choose the value 2. For this value, the average value of in each element is 1. Take K ¼ L ¼ 10 and uniform partition Ák i ¼ Ál j ¼ 1. This implies that M ¼ N ¼ 10 and that A of (25) is of size 200 Â 200. We calculate the entries of the matrix G by using the midpoint approximation g jn % ÁlÀð " l l j , " l l n Þ ¼
ðyÞ cosð " l l j yÞ cosð " l l n yÞ dy,
and then a quadrature rule, for example, the Trapezoidal rule. Figure 3 depicts the eigenvalues of the resulting matrix A.
As an example, we consider the bandwidth 3.5 |k| 4.5. The discrete modes that belong to this bandwidth are shown in Figure 4 where the dashed lines represent curves of constant |k|. The set of these modes is Ç ¼ fðk k i ,ll j Þ ¼ ði À 0:5, j À 0:5Þ: ði, jÞ ¼ ð4, 1Þ, ð4, 2Þ, ð3, 3Þ, ð4, 3Þ, ð1, 4Þ, ð2, 4Þ, ð3, 4Þg:
We assume that the initial field consists only of the velocity field. Thus for the modes in Ç the corresponding set of ¼ i þ 10( j À 1 ) values is N ¼ f4, 14, 23, 24, 31, 32, 33g, and for the coefficients w we have
while w , 2 N , are given magnitudes that describe the initial field. As a result, the initial correlation matrix (28) reduces to
w v e ðÞ ðe ðÞ Þ T , and the corresponding instantaneous correlation matrix is given by
where F () is the pseudo-mode given by (31). To find C N (t) we integrate numerically Equation (31) for each F () , 2 N : We use the MATLAB function ode23s which is suitable for the stiff system (31). Once C N is calculated, then from (34), the corresponding expected instantaneous total energy E N is given by
For simplicity we consider a uniform initial energy distribution of magnitude one for each mode 2 N: This implies that
Here ind(a, b) is defined as
] is the greatest integer function.
Since C N (t) has 200 Â 200 entries, it is not convenient to consider a graph that shows the simultaneous evolution of all the entries. However, since the significant interactions take place along the diagonal entries of C N , it will be sufficient to consider these entries only. To visualize the evolution of the correlation matrix associated with velocity field we consider the entries fðLC N ðtÞLÞ ii g 100 i¼1 :
We form the 10 Â 10 energy distribution matrix Ä N ðtÞ by mapping these entries into the kl-space. In Figures 5(a-d) we present the bar graph of the matrix Ä N ðtÞ at t ¼ 0, 2, 4, 6, respectively. The solid curve in Figure 6 represents the normalized energy 10 log 10 E½E N ðtÞ E½E N ð0Þ :
By examining the eigenvectors of A, we find that each one has a leading entry of maximum magnitude. This enables us to associate each eigenmode with a pseudomode F () and use the eigenmodes to obtain an estimate to the correlation matrix and total energy without the need to integrate (31). We illustrate this as follows.
Let be the eigenvector of A associated with the eigenvalue , that is, A ¼ : Then the solution of _ F F ðtÞ ¼ AF ðÞ ðtÞ, F ðÞ ð0Þ ¼ , ð38Þ
is F ðÞ ðtÞ ¼ expð tÞ : We call F ðvÞ an eigenmode. Now we can use the set of eigenmodes fF ðÞ ðtÞg 2N to calculate an estimate to the correlation matrix and the expected total energy. The dashed curve in Figure 6 represents the normalized energy calculated using the eigenmodes fF ðÞ ðtÞg 2N . From Figure 5 , we observe that the energy exchange with sufficiently high frequencies is negligible. This indicates that it is not necessary to choose very large values of K and L. In Figure 7 we compare the total energy values for We remark that questions of convergence to a stable system as N, M ! 1 in the problems discussed here are not particularly relevant. More precisely, the margin of stability of the original system (5)-(6) is zero. In fact, it is observed in our calculations that the distribution of eigenvalues in Figure 3 is shifted toward the imaginary axis by every doubling of N, M. One can employ our algorithm in a more practical setting by restricting the computational domain (i.e., the model) to a finite cavity with weak boundary damping. This yields an acoustic problem with a fixed margin of stability for which questions of limiting behavior as N, M ! 1 are relevant (e.g., see [2] ).
CONCLUDING REMARKS
The above discussions constitute our initial contributions toward the effective use of an array of microacoustic actuators as an absorbing surface for enclosed acoustic cavities. We formulated an approximate time domain initial-boundary value problem for a distributed parameter system for the acoustic energy due to propagation of an initial random field. Modeling the cavity as a half-plane, we derived the corresponding frequency domain model and the resulting expressions for autocorrelation for the sound field, including the pressure field, the velocity field, and the total energy.
We then developed semi-discrete finite element approximations based on piecewise constant elements (zero order splines) for these expressions and illustrated their use with sample calculations.
We believe the computational methods discussed in this paper can provide useful tools for predicting the performance of a given actuator array with respect to a given band of frequencies. This information can in turn be used in optimal design of such arrays. The results presented here suggest the potential importance of microactuators in overall noise control design and technology. Our methods also provide the foundation for computations in the context of smart or active control strategies in which the design parameter in (8) is allowed to vary in time.
